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Configuration of a Towline Attached to a Vehicle
Moving in a Circular Path

YOUNG-IL CHOC* AND MARIO J. CASARELLA*
Catholic University of America, Washington, D. C.

The problem of predicting the steady-state performance of a cable-body system towed in a
circular path is studied analytically. Equations governing the steady-state configuration of
the towline, distribution of the tension along the towline, and the location of the towed body
are derived. Hydrodynamic forces accounted for in the analysis are the buoyancy, the side
force, the added-mass effect as well as the dominant fluid resistance. The present model can
be applied to both aerial and underwater towed systems. The analytical model is evaluated
by comparison of its predictions with limited data of laboratory tests. Numerical solutions
are obtained for the case of underwater towing of spherical bodies. Based on these results,
some remarks on the operational aspects of the underwater towing are presented.

NomencI ature

A = cross-sectional area of towline
AB = frontal area of towed sphere, on which CDB is based
b = V X r/(V sine/)), Fig. 2
CD = drag coefficient, D/(ipF2L) where D is the total

drag per unit length of a cylinder placed normal to
a stream

CDB = drag coefficient of towed sphere
d = diameter of circular or stranded cable
612,60 = unit vectors in the R-, ^-directions
F# = sum of all the external forces acting on a towed

body, except TQTQ
fa,fn,fr,fs = contribution to the total hydrodynamic force per

unit length of towline due respectively to added-
mass effect, normal resistance, tangential resis-
tance, and side force

g = acceleration due to gravity
I,J,K = unit vectors in the X-, Y-, Z-directions, Fig. 1
Ks = an experimental constant for the side force of a

stranded cable, Eq. (28)
I — total length of towline (s = I at the point of at-

tachment to the towing ship)
MB = virtual mass of towed sphere, Eq. (43)
m = mass per unit length of towline at s (may vary

along s)
mB = mass of towed body
n = b X r, Fig. 2
P = a material point on the axis of towline
R,0,Y = circular cylindrical coordinates rotating with the

ship about the F-axis, Fig. 1
r = position vector of a material point P on the tow-

line, Fig. 1
Re = dpV/p, Reynolds number
Ren = dpVn/v = #e-sin</>
s = material coordinate, representing the arc length be-

tween the body end and a material point P of tow-
line, Fig. 1

T = magnitude of the tension in towline at P(syt)
t — time
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V = |V|, magnitude of V
V = velocity of towline at P(stt) with respect to the
_ inertial coordinates
VB = volume of towed sphere
w = net weight of towline in fluid per unit length, Eq.

WB = net weight of towed sphere in fluid, Eq. (44)
XjYyZ = Cartesian coordinates rotating about the F-axis

with the towing ship, Fig. 1
x,y,z = inertial coordinates, with y representing elevation
n = coefficient of viscosity of fluid
P = density of fluid
r = unit vector tangent to the axis of towline at P(s,£)

and in the direction of increasing s, Fig. 2
<f> = angle subtended by T and F, Fig. 2
$ = angle subtended by the R-axis and the projection of

T onto the EF-plane, Fig. 2
12 = angular speed of the towing ship, the towed system

and the rotating coordinates X,Y}Z and R,6,Y
H = OJ

Subscripts

= value at s = 0
= value at s = t

Introduction

THE problem of predicting the steady-state performance of
a cable-body system towed in a circular path has recently

encountered practical importance. One feature of this type
of towing is of particular interest, that is, under certain con-
ditions, the towed body obtains an equilibrium position very
near the axis of rotation. This phenomenon has been ex-
ploited for the pinpoint delivery of a payload, the search of a
particular area, and the surface-to-air retrieval of an object
such as a spacecraft. Essentially similar technology is in-
volved in the sonar-lowering from a fixed-wing aircraft orbit-
ing in a circular path, and orbiting antennas for airborne
VLF communications.

Previous investigations by Kline1 and Huang2 produced
equilibrium configuration of a cable towed by an orbiting air-
craft. They treated the cable as continuum. Skop3 per-
formed the same kind of analysis and obtained solutions for
vacuous towing media. Huang and Skop reported inde-
pendently that multiple steady-state solutions can exist under
certain combinations of governing parameters. Skop and
Choo4 investigated the modelling laws for steady, circular
towing, and studied further the multiplicity of the solutions
for aerial systems. Crist5 developed a lumped-mass model
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Fig. 1 The
towed system and
the rotating co-
ordinates XYZ

and R9Y.

and studied the effect of aircraft oscillations and the behavior
of the cable during the transition from orbit to straight-and-
level flight.

The previous investigators were essentially interested in
aerial towed systems. Consequently, the prior works did not
include the buoyancy, the added-mass effect, and the side
force. However, in the underwater environment, these
forces are not so small as to be neglected. In this study that
includes all of these forces, a method of obtaining the steady-
state configuration of a cable towed in a circular path is de-
veloped which can be used for underwater towed systems as
well as aerial towed systems. Some computational results
are obtained for underwater towing of spherical bodies, and
some remarks on their operational aspects are presented.

Analytical Solution of the Problem

Formulation of the Governing Equations

See Fig. 1 which shows a towed system that moves steadily
about a fixed axis. Let us fix Cartesian coordinates x,y,z in
the ocean such that the ?/-axis coincides with the vertical axis
about which the towing ship moves. These coordinates are
referred to as inertial coordinates since the effect of the
Earth's rotation is neglected in this report. Let X,Y,Z
be Cartesian coordinates rotating with the ship about the Y-
axis. Thus, the F-axis coincides with the y-axis of the iner-
tial coordinates. Furthermore, we introduce circular-cylin-
drical coordinates R,6,Y, rotating with the ship about the
F-axis. Origins of these three coordinate systems are all
located at the point of intersection of the F-axis and the
horizontal plane containing the lower end of the cable. Let s
denote the arc length measured from the cable-attachment
point of the towed body to a material point P on the axis of
the towline. Then, all the variables can be regarded as func-
tions of s and t in the inertial coordinates (x)y)z)J but functions
of only s in the rotating coordinates (X,Y,Z'} R,0}Y).

The vectors I J,K and 6^,60 are unit vectors in the direc-
tions, respectively, of X,Y,Z and R,6. In general, the orien-
tations of eR and 60 vary with s along the towline. Then, the
position r of a material point P on the axis of the towline is
given by

r = XI + FJ + ZK = ReR + FJ (1)
To decompose the external forces acting on a towline ele-

ment in a more meaningful way, we introduce the natural
coordinates T,n,b. The vectors are formed in the following
manner (Fig. 2). T is defined as a unit vector tangent to the

axis of the cable at P(s,t) and in the direction of increasing s.
Thus, t 53 dr/ds for an inextensible towline. Let V be the
velocity of the point P with respect to the inertial coordinates,
and V be |V|, that is, the magnitude of V. Let </> denote the
angle subtended by T and V. This angle is measured counter-
clockwise from the V-vector to the T-vector. Then, b 53
V X t/(V sin<£) is a unit vector normal to both * and V, and
n 53 b X T is a unit vector that is normal to T, and lies in the
plane containing T and V. Thus, these three unit vectors T,
n, and b form a mutually orthogonal, right-handed set of local
coordinate vectors.

The vector angular velocity of the towing ship, the towed
system, and the rotating coordinates is given by

Q - 12J (2)

where the angular speed Q, is positive when the axis of rotation
remains to the port of the ship as in Fig. 1. The velocity and
the acceleration of the towline are

V = r -

= a X V = -
(3)

(4)

Relations between the natural and the cylindrical coordi-
nates can be found from the definitions of these coordinates
and their geometry (Fig. 2). These are

n = — 60

J sin i

+ J sin

— J cos

cos</>

eR

and

cos</>6# = t cosi^ sin</> + b sin^ + n i

60 = T cos</> — n sin<£

J = T sin^ sin</> — b cos^ + n sim// cos</>

Differentiating Eq. (1) with respect to s, and using

deR/d6 53 60; dee/dd 53 — eR}

we obtain

t 53 dr/ds = eRdR/ds + eeRd6/ds + JdY/ds

Comparing Eq. (8) with Eq. (5a), we get

dR/ds = cos \// sm<t>

dd/ds = cos<A/^

dY/ds = sin i/' sin</>

(5a)
(5b)

(5c)

(6)

(7)

(8)

(9)

(10)

(11)

Fig. 2 Schematic diagram illustrating the local natural
coordinate system for a towline and its relation to a rotat-

ing coordinate system j
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Differentiating Eq. (5a) with respect to s, and using Eq. (6),
we find

fa/ds = -b[sin0d^/cte + (l/R) sin^ cos2<£] +
n[d(t>/ds - (l/R) cosi// cos</>] (12)

We have derived some geometrical relations. Now, let us
derive equations of motion of a towline, assuming that it is an
inextensible, circular cylindrical or stranded cable of zero
bending rigidity.

Let m denote mass per unit length of towline, T magnitude
of the tension in towline at P(s,t), and w net weight of towline
in fluid per unit length, that is,

LEFT-HAND LAY

w == mg — pgA (13)

In Eq. (13) A is cross-sectional area of towline, and — pgA is
buoyancy. Then, equation of motion of a towline in inertial
coordinates is6

n/n b/, (14)

where /n is the normal resistance, f r the tangential resistance,
fs the side force, and f 0 the force due to added-mass effect, all
per unit length of towline. Expressions of these hydrody-
namic forces shall be given in the following subsection.

Noting that

= Tdr/ds + rtT/ds (15)

and substituting Eqs. (4) and (12) into Eq. (14), we obtain

^-direction:

m£l2R cos^ sin$ — fr — f0"c (16)dT/ds = w s
n-direction :

Td(j)/ds = w

b-direction :

T sm<l>d\l//ds = w

' cos</> — — T/R) cos</> —
- f a -n (17)

cos2c/>] f a -b (18)

Thus, the tangential components of the external forces act
to increase the tension, while the normal and the side com-
ponents cause the towline to bend, changing the line of action
but not directly affecting the magnitude of the tension.

Hydrodynamic Forces on Towlines

Expression of each of the hydrodynamic forces /n,/T,/s, and
fo are given in this subsection. For details of derivation of
these formulas, see Ref. 6. Reynolds number (Re), an im-
portant parameter of hydrodynamic similarity, is defined as

Re ESS (19)

where d is the diameter of the cable, p the density of the fluid,
and p, the coefficient of viscosity of fluid. In cable hydro-
dynamics, Ren, the Reynolds number based on the velocity
component perpendicular to the axis of the cable (Vn), is
often used. Thus,

Ren H=

where

= Re -

VT = V

(20)

(21)

The values of Reynolds numbers encountered in towing
operations lie between 103 and 105.

Hydrodynamic resistance or drag of a cable is caused by
pressure imbalance fore and aft of the cable and fluid friction
over the cable surface. Conventionally, the total resistance
is resolved into the normal resistance (n/n) and the tangential
resistance (t/T), respectively normal and tangential to the

RIGHT-HAND LAY

f s <0 for 0°< 0 00°

fs> 0 for 90°< 0 < 180°

a

Fig. 3 Side force of stranded cables.

fs> 0 ' for 0°< 0< 90°

f s <0 for 90°<0<I80°

b

cable axis. Formula of /„ for circular cables is given by

fn = CD(Ren)d±pVn2 (22)
with

CD = [SU/(RenS)](l - 0.87S~2) (0 < Ren < 1) (23)

where

S = -0.077215665 + \n(SRen-1) (24)

and

CD = 1.45 + 8.55
CD = 1.1 + 4£en

(1 < Ren < 30) (25)

(30 < Ren < 105) (26)

In Eq. (22), CD(Ren) means that the drag coefficient CD is a
function of Ren. Formula of /T for circular cables is

0 ^ 0) (27)r = -nMFr (0.55 Ren
112 + 0.084 Ren

zl*)

Equations (25-27) are based on experimental data. Since
available experimental data7"12 for stranded cables are widely
scattered and do not exhibit any discernible trend, we pro-
pose to use Eqs. (22-27) also for stranded cables.

A stranded cable in a stream experiences a side force, that
is, a force in the +b- or —b-direction (see Fig. 3). Owing to
the lay of the strands and the general inclination of the towed
cable, there is a tendency towards tangential flow down the
strands on one side of the cable (in Fig. 3a, the side on which
the lays appear as dotted lines) and normal flow across the
strands on the opposite side. Thus, the fluid flow is unsym-
metrical about the ^n-plane, and this results in the side force.
According to Gay,13

where the algebraic sign is determined according to Fig. 3,
and Ks is an experimental constant representative of the de-
gree of unsymmetry of the flow. Of course, the value of Ks
depends on the type of the stranded cable. Again, due to
wide scatter of existing data,10"13 accurate values of Ks can-
not be determined; Ks = 10 was chosen conservatively.

We have seen that there exists an urgent need for system-
atic measurements of the hydrodynamic forces acting on
stranded cables. Added-mass effect is explained on the basis
of the potential-flow theory. Any motion of a body induces
a motion in the otherwise stationary fluid because the fluid
must move aside and then close in behind the body in order
that the body may make a passage through the fluid. As a
consequence, the fluid possesses kinetic energy that it would
lack if the body were not in motion. The body had to impart
the kinetic energy to the fluid by doing work on the fluid,
that is, the work done is equal to the change in kinetic energy.
The fluid disturbance resulting from a moving body extends
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Fig. 4 Forces acting
on a towed sphere.

in decreasing amplitude to infinity, but from a body dynamic
standpoint this may be treated as localized to a finite volume
of fluid. The body behaves as though an added mass of fluid
were moving with it. When the motion of the body is steady,
the corresponding fluid motion is steady and the kinetic
energy in the fluid is constant. Hence no work is done on the
fluid so long as the motion of the body remains steady. It
follows that the added-mass terms must be included in the
equations of motion only when nonsteady motion is studied.

In steady turn, the towline is continually accelerated to-
wards the axis of rotation. Therefore, the added-mass ef-
fect must be considered in our problem. From potential-
flow theory, only the acceleration perpendicular to cable axis
affects the fluid, and the added mass for a circular cable is
pA per unit length.14 We assume that the added mass of a
stranded cable is also pA. Then, we have

f a = bpA -M22 sin^ sin20 (29)

Summary of Governing Equations

Now that we have the formulas of the hydrodynamic
forces, Eqs. (22-29), we substitute these equations into Eqs.
(16-18) to obtain the working equations of motion

(30)

(31)

K8 cos1/2^ 8w<t>Re-l'*)d%pV* } (32)

d\I//ds = (l/T si

dT/ds = w sin i/' sin<£ — m!22

7TMFT(0.55 Ren
ll* + 0.084

d<t>/ds = (l/T)[w sin i// cos<£ -
- T/R) cosi

PA

CD(Ren) in Eq. (31) is given by Eqs. (23-26). In Eq. (32),
Ks is zero for circular cables, and is roughly equal to 10 for
stranded cables; the algebraic sign is determined according
to Fig. 3. Geometrical relations to be satisfied are Eqs. (9-
11), that is,

dR/ds = cost/' sin^

dS/ds = cos^/R

dY/ds = sin.

(33)

(34)

(35)

To sum up, the problem of steady circular towing involves
six nonlinear, ordinary differential equations (30-35) relating
the six variables T$,\I/,R,Q,Y.

The conditions to be satisfied at the upper and lower ends
are specified in the following manner. We assume that, at
the upper end (s = I ) , the turning radius and speed of the
towing vehicle are given. These two values determine the
angular speed 0. The conditions to be satisfied at the lower

end (s = 0) are the equation of motion of the towed body and
geometrical relations showing the location of the lower end.
The former is

at s = 0 (36)

where ms is mass of the towed body, and F# is vector sum of
the forces acting on the body, except the cable tension. In
general, F# consists of its weight, buoyancy, added-mass ef-
fect, downward lift of the depressing wing, and hydrodynamic
side force due to unsymmetry of the body. Equation (36)
yields the magnitude of TO and its orientation. Without loss
of generality, we can say that the location of the lower end is

R = RQ

e = o
Y = 0

at

at

at

s = 0

s = 0

s = 0

(37)
(38)

(39)

Numerical Method of Solution

Since the value of RQ is not initially known for any given
problem, and since the integration of the equations must
proceed from s = 0, we have to assume a value of RQ and inte-
grate the differential equations. If the value of Rj resulting
from the integration is different from the specified value, we
assume another value of RQ, and repeat the same procedure
until the difference between the calculated and the specified
values of RI vanishes. Note that geometrical considerations
bound the possible values of RQ to the range

or

- t < RQ <

for

for

(40)

A computer program has been developed that integrates
the six differential equations using the Runge-Kutta method.
For the details of the computer program, see Ref. 6. The
step size of numerical integration is changed such that Lip-
schitz condition is satisfied. This condition, together with
continuity of the dependent variables in their respective in-
tervals, assures us of existence of a unique solution satisfying
the differential equations and the auxiliary conditions given
at the lower end.

Uniqueness of the solution satisfying the conditions im-
posed at the lower end does not guarantee that there exists
only one set of values of RQ and YQ for a given set of turn
speed and turn radius of the towing ship. In fact, Huang2

reported a full-scale experiment in which the towline some-
times assumed different equilibrium configurations with the
towplane flying at exactly the same altitude, speed, and turn
radius. Skop and Choo4 pursued this matter in depth for
aerial towed systems. They found that, with other param-
eters held fixed, there exist critical values of the turn speed
and the towline length above which multiple solutions exist.
More specifically, there exists only one solution for the value
of the speed (or the length) below the critical value regardless
of whether the value of the length (or the speed) is above the
critical value. Computations made in the present study seem
to indicate that there exist only single solutions for the marine
applications, in contrast with the findings in the aerial sys-
tems. This may be due to the speeds of ships being much
smaller than those of airplanes and the water density being
much larger than the air density.

Some Computational Results

In the last section, the towing problem is completely
formulated except that the force F# in Eq. (36) must be
specified for the given body. Evaluation of ~FB requires a
considerable knowledge about the dynamical and the hydro-
dynamic characteristics of the towed body, including exact
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point of cable attachment. Our attention is focused on the
spherical bodies because their characteristics are well known.

For a spherical body, the force at the point of the attach-
ment is the same as that at the center of the sphere because
no hydrodynamic moments exist (see Fig. 4). The force F^
on the towed sphere consists of its weight — JmBg, buoyancy
JpFB_where VB is the volume of the sphere, added-mass effect14

eR%pVBRtt2, and the drag -eeCDBAB%pVv\ Thus, Eq.
(36) becomes, after rearrangement,

5 0.9 140

-eRMBRW =
where

- ]WB - edCDBAB^PVo2 at s = 0 (42)

MB = mB + %pVB

is the virtual mass of the towed sphere, and

wB = mBg — pVBg

(43)

(44)

In the form of the components in the directions of the natural
coordinates, Eq. (42) is equivalent to

tan i// = -wB/(MBRW) at s - 0

tan0 = (wB sin^ - MBR
at

(45)

(46)
s = 0

T = sini// sin<£ — COST/'
CDBAB%pR2tt2 cos0 at = 0 (47)

Thus, our problem is to solve the six nonlinear, ordinary
differential equations (30-35) for the six variables !F,0,^,
#,0,F, subject to the six initial conditions (37-39) and (45-
47). Computation has been performed on a PDP-10 Com-
puter, and the results are presented in Figs. 5-9.

Figures 5-7 show results which lead to the following possible
conclusions for underwater applications. When a small turn
radius of the towed body is needed, the ship should make
either a fast turn or a tight turn. When a large depth of the
towed body is needed, the ship should make either a slow
turn or a tight turn. If both a small turn radius and a large
depth of the towed body are required, then the ship has to
make a tight turn. Though we can obtain this condition by

Fig. 5 Effect of the turn speed of the ship with its turn
radius fixed. Water temp. 50° F; Circular cable, d = 0.5
in., mg = 0.3 lbf/ft., I = 6000 ft.; dB = 1.2 ft., mBg = 250

Ibf.

Fig. 6 Effect of the turn radius of the ship with its turn
speed fixed. Water temp. 50° F; Circular cable, d = 0.5 in.,
mg = 0.3 lbf/ft., I = 6000 ft.; dB = 1.2 ft., mBg = 250 lbf.

using longer towline, this is certainly the least desirable alter-
native.

Due to the limitations of maneuverability and maximum
speed of towing ships, as compared with those of aircraft,
stationary or extremely small turn radius of the towed body
may not be obtained in ordinary marine applications unless
the body is extremely heavy or the towline is very long.
However, this is possible in aerial systems as shown by Skop
and Choo.4

I
£

I in I03ft.

Fig. 7 Effect of the towline length. Water temp. 50° F;
Circular cable, d = 0.5 in., mg = 0.3 lbf/ft.; dB = 1.2 ft.,

mBg = 250 lbf.
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.3

— ———-i s<0

2 3 4 5
Rz in I03ft.

Fig. 8 Effect of the side force of stranded cables. Water
temp. 50° F; d = 0.5 in., mg = 0.3 lbf/ft., I = 6000 ft.;

dB = 1-2 ft., niBg = 250 lbf.

The side force of a stranded cable causes undesirable kite
of the towed system on a straight path. This fact implies
that, in circular towing, we may be able to use this property
of stranded cables to our advantage. Indeed, Fig. 8 shows
that a larger depth and a noticeably smaller turn radius of the
body can be obtained when the ship equipped with a left-
handed (or right-handed) stranded cable makes a turn such
that the center of the towing circle remains to her port (or
starboard).

Figure 9 demonstrates that the present analytical model is
generally in good agreement with the laboratory tests of
Noonan15 for the cases of stranded cables used as towlines.
But, he noticed that the model gives rather poor results for
nylon towlines that undergo transverse oscillations induced
by the fluid vortices shed behind them. The basic question
related to this phenomenon is under what conditions the vor-
tex shedding causes a towline to oscillate to such an extent
that the hydrodynamic forces on the towline are noticeably
affected. It requires intensive experimental work to answer
this question.

Summary

Six equations governing the steady-state configuration of a
towline connected to a towing vehicle moving on a circular
path have been formulated. These six equations, of the type
of nonlinear, ordinary differential equations, are derived on
the assumption that the towline is an inextensible, bare cable
of zero bending rigidity. The towline was treated as a con-
tinuum rather than as a set of lumped masses. The present
analytical model is applicable for both aerial and underwater
towed systems. Three of these equations are the equations
of motion of a towline element, yielding the tension and two
angles representing local orientation of towline element at a
material point on the towline. The other three equations
are geometrical relations for the three coordinates denoting
the relative location of the material point.

The auxiliary conditions to be specified at the upper end
are the turning radius and speed of the towing vehicle. At
the lower end, the location, the tension, and the angles of
orientation must be specified by means of the translational
and the rotational equations of motion of the towed body.
This means that, in general, the dynamical and the hydro-

0.8-

o

a

o

160

120

-40

4 6
O IN RPM

Fig. 9 Comparison of the present theory with the test of
Noonan. 5 Water temp. 73°F; Stranded cable, 7 X 19,
right-handed, d = 0.25 in., mg = 0.1072 lbf/ft., I = 34 ft.;

ds = 5.0 in., rriBg = 3.57 lbf.

dynamic characteristics of the towed body, including the
point of cable attachment, must be completely specified.

A numerical method has been used for solving the governing
differential equations, and some computational results have
been obtained for the case of undersea towing of spherical
bodies. At least in the ranges of the governing parameters
for which the computations have been done, the following
statements can be made about underwater towing:

1) A small turn radius of the towed body is obtained by
fast or tight turn; a large depth of the towed body is ob-
tained by slow or tight turn; both a small turn radius and a
large depth of a body is obtained by a tight turn.

2) Side force of a left-handed (or right-handed) stranded
cable causes the towed body to take a larger depth and a
smaller turn radius when the ship turns such that the axis of
rotation remains to her port (or starboard).

3) Multiple solutions were not encountered in undersea
applications.

The model is generally in good agreement with the limited
data available from laboratory tests. Further evaluation of
the applicability of the model will be possible when full-scale
test data are available.

Two related problems which require further studies have
been identified. First, there exists an urgent need for sys-
tematic measurements of the hydrodynamic forces acting on
stranded cables. Second, an analytical method must be
developed that can predict when the vortex shedding causes
the towline to oscillate to such an extent that its hydro-
dynamic forces are noticeably affected.
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Announcement: 1971 Author and Subject Indexes

The indexes of the four AIAA archive journals (AIA A Journal, Journal of Spacecraft and Rockets,
Journal of Aircraft, and Journal of Hydronautics) will be combined and mailed separately early in
1972. Subscribers are entitled to one copy of the index for each subscription which they had in
1971. Extra copies of the index may be obtained at $5 per copy. Please address your request
for extra copies to the Circulation Department, AIAA, Room 280, 1290 Avenue of the Americas,
New York, New York 10019. Remittance must accompany the order.
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